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Abstract
A continuous infinite system of point particles with strong superstable interac-
tion is considered in the framework of classical statistical mechanics. The family of
approximated correlation functions is determined in such a way, that they take into
account only such configurations of particles in Rd which for a given partition of the
configuration space Rd into nonintersecting hyper cubes with a volume ad contain no
more than one particle in every cube. We prove that these functions converge to the
proper correlation functions of the initial system if the parameter of approximation
a → 0 for any positive values of an inverse temperature β and a fugacity z. This
result is proven both for two-body interaction potentials and for many-body case.
Keywords :Classical statistical mechanics, strong superstable potential, many-
body potential, correlation functions
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1 Introduction
The procedure of lattice approximation is very often used to study continuous systems.
There is a well-known example of the lattice approximation in Euclidean quantum field
theory for the model λ : φ4 : in the two-dimensional space-time which transforms the
system to Ising model with unbounded continuous spin. In contrast to Euclidean quantum
field theory, where lattice systems play the role of approximation, in statistical mechanics
they represent part of the Nature, such as ferromagnetics, quantum oscillators etc. The
theory of such systems is well developed, unlike continuous systems such as dense gases
and liquids. The main difficulties in the mathematical description of continuous systems
in statistical mechanics are accumulation of many number of particles in small volumes.
To avoid this problems such systems as lattice gas were invented to describe some general
characteristics of real gases. But in majority of works there was no parameter which in
some sense restored systems to continuous gases.
In this work we propose some intermediate approximation of continuous gases, which is
very close to lattice gases and all main characteristics of continuous gases can be obtained
with help of limit transition.
Quasi-continuous approximation of the Equilibrium Classical Statistical Mechanics was
proposed in the article [9] for the investigation of infinite systems of interacting point
particles with two-body strong superstable potentials. The matter of this approximation
is that in integrals which are in the definitions of the main characteristics such as partition
function and correlation functions integrations are realized over such configuration which
for a given partition of the configuration space Rd into nonintersecting hyper cubes with
a volume ad contain no more than one point in every cube. Correlation functions and
pressure of systems defined in such a way though have a proper limit at a → 0 even for
infinite volume systems if the interaction potential is sufficiently singular at the origin,
more exactly if the potential is locally nonintegrable in any bounded region of Rd which
contains an origin. This fact though is predictable from the physical point of view but
from mathematical point of view it is a little bit unexpected as the Poisson measure (and
Gibbs measure too) of the set of such configurations is zero.
At the same time, such defined system can be approximated by the lattice gas, an
investigation of which is considerably simplified. This transition from continuous to lattice
systems and vice versa is particularly important in the investigation of critical behavior of
infinite systems near phase transition points.
It was proved in the article [9] that for any positive values of temperature T (or inverse
temperature β = 1/kT ) and fugacity z of infinite classical systems the approximated
pressure p(−)(z, β; a), where a is the parameter of approximation, tends to the proper value
of the pressure p(z, β) of the considered statistical system as a → 0. In the article [5]
this result was generalized for the systems with many-body interactions. Later, in the
article [11] the same result was obtained for family of the correlation functions, but only
for sufficient small values of fugacity z, the values of which were bounded by the radius of
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convergence of the Kirkwood-Salsburg expansion for the correlation functions.
In this article we are going to generalize this result for the case of arbitrary positive val-
ues of fugacity z and temperature T . Using an expansion in so-called dense configurations,
which was proposed in [8] for finite range interaction and in the article [6] for infinite range
potentials, we prove that the family of approximated correlation functions ρ
(−)
Λ (z, β; a) of
the finite volume (Λ ⋐ Rd) are uniformly bounded by a constant which does not depend
on the parameter of approximation a and volume Λ and have pointwise limit ρ(z, β) as
Λ ↑ Rd and a→ 0 for arbitrary values of fugacity z and temperature T . This result will be
proved both for two-body interaction potentials and for many-body potentials of general
superstable type.
2 Configuration spaces
2.1 The main configuration spaces
Let Rd be a d-dimensional Euclidean space. The set of positions {xi}i∈N of identical
particles is considered to be a locally finite subset in Rd and the set of all such subsets
creates the configuration space:
Γ = ΓRd :=
{
γ ⊂ Rd
∣∣ |γ ∩ Λ| <∞, for all Λ ∈ Bc(Rd)} ,
where |A| denotes the cardinality of the set A and Bc(R
d) denote the systems of all bounded
Borel sets in Rd. We also need to define the space of finite configurations Γ0:
Γ0 =
⊔
n∈N0
Γ(n), Γ(n) := {η ⊂ Rd | |η| = n, n ∈ N0}, N0 = N ∪ {0}.
For every Λ ∈ Bc(R
d) one can define a mapping NΛ : Γ→ N0 of the form
NΛ(η) := |η ∩ Λ|.
The Borel σ-algebra B(Γ) is equal to σ(NΛ
∣∣Λ ∈ Bc(Rd)). See [3], [4] for details.
We need also to define
ΓΛ :=
{
γ ∈ Γ0| γ ⊂ Λ, Λ ∈ Bc(R
d)
}
,
By B(ΓΛ) we denote the corresponding σ-algebras on ΓΛ and Γ0,Λ.
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2.2 Lebesgue-Poisson measure
Let σ be Lebesgue measure on B(Rd) and for any n ∈ N the product measure σ⊗n can be
considered as a measure on
(˜Rd)n =
{
(x1, . . . , xn) ∈ (R
d)n
∣∣ xk 6= xl if k 6= l}
and hence as a measure σ(n) on Γ(n) through the map
symn : (˜Rd)n ∋ (x1, ..., xn) 7→ {x1, ..., xn} ∈ Γ
(n).
Define the Lebesgue-Poisson measure λzσ on B(Γ0) by the formula:
λzσ :=
∑
n≥0
zn
n!
σ(n). (2.1)
The restriction of λσ to B(ΓΛ) we also denote by λσ. For more detailed structure and
analysis of the configuration spaces Γ, Γ0, ΓΛ see [1].
2.3 Partition of Rd
Following Ruelle [13] define the partition of the Euclidean space Rd into elementary cubs.
Let a > 0 be arbitrary. For each r ∈ Zd we define an elementary cube with an edge a and
a center ar:
∆a(r) := {x ∈ R
d | a(ri − 1/2) ≤ xi < a(ri + 1/2)}. (2.2)
We will write ∆ instead of ∆a(r), if a cube ∆ is considered to be arbitrary and there is no
reason to emphasize that it is centered at the concrete point ar. Let ∆a be the partition
of Rd into cubes ∆a(r). Define, also, the notion of compatible partitions.
Definition 2.1. Two partitions ∆a and ∆a′ with a
′ < a are compatible if a/a′ ∈ N and
partition ∆a can be obtained from the partition ∆a′ removing all edges of its cubes which
do not lie on the edges of the partition ∆a.
To avoid some confusion we work in this article only with compatible partitions.
2.4 Additional configuration spaces
Define two additional configuration spaces: ΓdilΛ we call a space of dilute configurations and
ΓdenΛ a space of dense configurations.
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Without any restriction of general case, we consider only that Λ ∈ Bc(R
d) which is
union of cubes ∆a(r) with some fixed a, which depends on the interaction potential. In
the cases where this particular partition will be important we denote by Λ(a) the union of
such cubs. Then
ΓdilΛ := {γ ∈ ΓΛ| |γ∆| = 0 ∨ 1 for all ∆ ⊂ Λ} (2.3)
and
ΓdenΛ := {γ ∈ ΓΛ| |γ∆| ≥ 2 for all ∆ ⊂ Λ} . (2.4)
For any ∆ ∈ ∆a and any fixed configuration η ∈ ΓΛ we split the space of dense configu-
rations Γden∆ into two subspaces:
Γ
(>)
∆ (η) = Γ
(>)
∆ :=
{
γ ∈ Γden∆
∣∣ |γ| > dεη(∆)} (2.5)
and
Γ
(<)
∆ (η) = Γ
(<)
∆ :=
{
γ ∈ Γden∆
∣∣ |γ| ≤ dεη(∆)} , (2.6)
where ∆ ≡ ∆a(r), 0 < ε ≤ 1 and
dη(∆) = dist(η,∆), d
ε
η(∆) = (dη(∆))
ε, (2.7)
where ∆ is the closure of the cube ∆. It’s obviously that Γden∆ = Γ
(>)
∆ ∪ Γ
(<)
∆ . And finally
for Xk = ∪
k
i=1∆a(ri)
Γ
(>)
Xk
(η) = Γ
(>)
Xk
:=
{
γ ⊂ Xk | |γ∆| > d
ε
η(∆) for all ∆ ⊂ Xk
}
(2.8)
and
Γ
(<)
Xk
(η) = Γ
(<)
Xk
:=
{
γ ⊂ Xk | |γ∆| ≤ d
ε
η(∆) for all ∆ ⊂ Xk
}
. (2.9)
3 Interaction
For the general case interaction between particles is realized by infinite sequence of inter-
action potentials:
V = (0, 0, V2(x1, x2), V3(x1, x2, x3), ..., Vp(x1, ..., xp), ...) (3.1)
In case of two-body interaction, which is the most popular among physicists components
of the sequence (3.1) look like:
V2(x1, x2) = φ(|x1 − x2|), Vp ≡ 0, p ≥ 3, (3.2)
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The energy of any configuration γ ∈ Γ0 is defined by the following formula:
U(γ) = UV (γ) =
|γ|∑
p=2
∑
{x1,...,xp}⊂γ
Vp(x1, ..., xp) =
∑
η⊆γ:|η|≥2
V (η), (3.3)
and interaction energy between two configurations η, γ ∈ Γ0 by
W (η; γ) = WV (η; γ) = U(η ∪ γ)− U(η)− U(γ) = (3.4)
=
|η∪γ|∑
p=2
|η|,|γ|∑
i,j=1
i+j=p
∑
{x1,...,xi}⊂η
{y1,...,yj}⊂γ
Vp(x1, ..., xi, y1, ..., yj).
The correspondent formulas for two-body interaction are:
U(γ) = Uφ(γ) =
∑
{x1,x2}⊂γ
φ(|x1 − x2|), (3.5)
W (η; γ) = Wφ(η; γ) =
∑
x∈η
y∈γ
φ(|x− y|). (3.6)
We introduce 3 kinds of interactions, which will be used in this article:
Definition 3.1. Interaction U is called:
a) stable (S), if there exists B>0 such that:
U(γ) ≥ −B|γ|, for any γ ∈ Γ0; (3.7)
b) superstable (SS), if there exist A > 0, B ≥ 0 and partition ∆a such that:
U(γ) ≥ A
∑
∆∈∆a
|γ∆|
2 −B|γ|, for any γ ∈ Γ0; (3.8)
c)strong superstable (SSS), if there exist m ≥ 2, a0 > 0 s.t. for any 0 < a ≤ a0 there exist
A(a) > 0, B(a) ≥ 0 s.t.
U(γ) ≥ A(a)
∑
∆∈∆a:|γ∆|≥2
|γ∆|
m − B(a)|γ|, for any γ ∈ Γ0. (3.9)
In accordance with these definitions there is a problem to describe conditions on poten-
tials, which ensure stability, superstability or strong superstability of an infinite statistical
system. This problem has a long story. A short review of this problem and some new
results one can find in [10] and [14].
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Remark 3.1. It is clear that if the equation (3.8) holds for some partition ∆a with the
constants A and B then it holds with the same constants A and B for any partition ∆a′
for which a′ < a and they are compatible.
Remark 3.2. It is clear that if the potential is strong superstable then it is simply super-
stable with A = A(a0), B = B(a0).
3.1 Definition of the system with two-body interaction
(A): Assumption on the interaction potential. Consider a general type of potentials
φ, which are continuous on R+ \ {0} and for which there exist r0 > 0, R > r0,
ϕ0 > 0, ϕ1 > 0, and ε0 > 0 such that:
1)φ(|x|) ≡ −φ−(|x|) ≥ −
ϕ1
|x|d+ε0
for |x| ≥ R, ; (3.10)
2)φ(|x|) ≡ φ+(|x|) ≥
ϕ0
|x|s
, s ≥ d for |x| ≤ r0, (3.11)
where
φ+(|x|) := max{0, φ(|x|)}, φ−(|x|) := −min{0, φ(|x|)}. (3.12)
Note that in the definition 3.1, c)(SSS) the constant a0 ≤ r0. For the interaction potentials
which satisfy the assumptions (A) define two important characteristics (for any ∆ ∈ ∆a
with a ≤ a0 ):
1) υε(a) :=
∑
∆′∈∆
sup
x∈∆
sup
y∈∆′
φ−(|x− y|)|x− y|ε, for any ε < ε0; (3.13)
2) b(a) := inf
{x,y}⊂∆
φ+(|x− y|). (3.14)
Due to the translation invariance of the 2-body potential the values υ0 and b do not depend
on the position of ∆. The following statement is true.
Proposition 3.1. Let potential φ satisfy the assumption (A). Then the interaction is
strong superstable and the energy U satisfies the inequality (3.9) with some 0 < a0 < r0
and if s > d then
m = 2, A(a) =
b(a)− 2υ0(a)
4
> 0, B(a) =
υ0(a)
2
(3.15)
for a ≤ a0.
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See the proof in [11]. More powerful result was obtained in the article [10], but for our
goals it is sufficient to apply the inequalities (3.15).
Following [6] we introduce the following notations, which will be used in our future
estimates:
φ+δ (|x|) := (1− δ)φ
+(|x|), U+δ := Uφ+σ , (3.16)
φstδ := δφ
+(|x|)− φ−(|x|), Ustδ := Uφstδ , δ ∈ (0, 1). (3.17)
One can deduce from (3.16), (3.17), that:
φ(|x|) = φ+δ (|x|) + φ
st
δ (|x|), U(γ) = U
+
δ (γ) + U
st
δ (γ). (3.18)
Proposition 3.2. Let potential φ satisfy the assumption (A). Then there exist 0 < a∗ < r0
such that for any constant δ ∈ (0, 1/2)
(1− δ)b(a) > 2υ0(a), for a ≤ a∗ (3.19)
and the potential φstδ is stable: U
st
δ := Uφstδ (γ) ≥ −Bδ|γ| , γ ∈ Γ0 with
Bδ =
1
2
υ0(a∗) =
δ
4
b(a∗). (3.20)
Proof. The inequality (3.19) follows from the assumption (A) and the definitions (3.13)
and (3.14) as for small a they behave as:
b(a) ∼
ϕ0
as
and υε(a) ∼
φε
ad
, (3.21)
and for s > d we can choose sufficiently small a = a∗ or ϕ0 >> φε for s = d, where
φε =
∫
Rd
ϕ−(|x|)|x|εdx. (3.22)
As in [11] (see Proposition 2.1) one can calculate that
Uϕstδ (γ) ≥
∑
∆∈∆a:|γ∆|≥2
|γ∆|
2
(
δ
b(a)
4
−
υ0(a)
2
)
−
υ0(a)
2
|γ|. (3.23)
Let us chose a∗ as a root of equation
δ
b(a)
4
−
υ0(a)
2
= 0. (3.24)
Then to satisfy (3.19) we have to choose δ > 1/2 and the constant Bδ in (3.20) can be
expressed in terms of parameters of the interaction potential ϕ0, φ0, s and dimension of
the space d (see Proposition 2.2 in [11]). 
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3.2 Definition of the system with many-body interaction
In this section we consider a general type of many-body interaction specified by a family
of p-body potentials Vp : R
dp → R, p ≥ 2. About the family of potentials V := {Vp}p≥2 we
will assume:
A1. Continuity.
Vp ∈ C((˜Rd)p), p ≥ 2,
where
(˜Rd)⊗n =
{
(x1, . . . , xn) ∈ (R
d)⊗n
∣∣ xk 6= xl при k 6= l} .
A2. Symmetry. For any p ≥ 2, any (x)p) = (x1, ..., xp) ∈ (R
d)p, and any permutation
π of numbers {1, . . . , p}
Vp(x1, ..., xp) = Vp(xpi(1), ..., xpi(p)).
A3. Translation invariance. For any p ≥ 2, any (x1, ..., xp) ∈ (R
d)p, and any
x0 ∈ R
d
Vp(x1, ..., xp) = Vp(x1 + x0, ..., xp + x0).
A4. Superstability. For any p ≥ 2 the potentials Vp can be represented as
Vp = V˜
+
p + V
(st)
p , V
(st)
p = V
+
p + V
−
p , (3.25)
V˜ + := (V˜ +p )p≥2 V
(st) := (V (st)p )p≥2,
where V˜ +p + V
+
p = V
+
p , V
±
p are defined in the same way as in (3.12) and V
(st)
p , p ≥ 2
provides the stability of the corresponding energy U , i.e. there exists a constant B ≥ 0
such that for any configuration η ∈ Γ0
UV (st)(η) ≥ −B|η|. (3.26)
The corresponding decomposition for the energy:
U(γ) = U+(γ) + Ust(γ). (3.27)
Sufficient conditions on the potentials Vp providing superstability inequality were obtained
in [14].
In the article [13] uniform (in volumes Λn) bounds for the family of correlation func-
tions were obtained for potentials which guarantee superstability (SS) and low regularity
condition (LR) (see [13]). For 2-body potentials which satisfy the assumptions (A) both
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of these conditions are fulfilled. But for many-body potentials which are not positive for
p ≥ 3 LR-condition is not satisfied. So, as in the articles [2] and [7]we formulate so called
attraction-repulsion relations(instead of LR-condition ) which gives a possibility to obtain
uniform bounds.
To formulate these assumption for potentials Vp, consider some auxiliary constructions.
Let p ≥ 2 and N ∈ N. For any union XN := ∪
N
j=1∆j of cubes ∆ from the partition ∆a
(див. (2.2)) and any ε ≥ 0 define values:
Ik1,...,kNp (∆1; ...; ∆N) := sup
x
(1)
i1
∈∆1,...,x
(N)
iN
∈∆N
i1=1,k1,...,iN=1,kN
V −p (x
(1)
1 , ..., x
(N)
kN
), (3.28)
where k1 + · · ·+ kN = p, kj ≥ 1, j = 1, N and
Ik1,...,kM |k¯p (∆1; ...; ∆M |ε; (∆)pi) := (3.29)
=
∑
∆′1,...,∆
′
k¯
∈∆a
Ik1,...,kM ,1,1,...,1p
(
∆1; ...; ∆M ; ∆
′
1; ...; ∆
′
k¯
) k¯∏
i=1
(
1 + dε∆′i,∆pi(i)
)
,
where dε∆′i,∆pi(i)
=
(
dist(∆′i,∆pi(i))
)ε
, π is the mapping of indices {1, ..., k¯} into the set of
indices {1, ...,M}, (∆)pi := {∆pi(1), ...,∆pi(k¯)} i k1+ ...+kM+k = p. The distance between
cubes is the distance between their closures.
Note that because of translation invariance of interaction potentials for M = 1 all
indices π(i) = 1 and
Ik1|k¯p (∆1|ε; ∆1) = I
k1|k¯
p (a; ε) , (3.30)
i.e. it depends on the size of cube ∆1, but it does not depend on positions of ∆1. For a
positive part V˜ +p of interaction potentials define the following values:
vk1,...,kNp
(
∆1, ...,∆N
)
:= inf
x
(1)
i1
∈∆1,...,x
(N)
iN
∈∆N
i1=1,k1,...,iN=1,kN
V˜ +p (x
(1)
1 , ..., x
(N)
kN
). (3.31)
A5.Attraction-repulsion relations. There exist a0 > 0 , such that for any N ∈ N,
any set XN := ∪
N
j=1∆j ,∆j ∈ ∆a with a ≤ a0 the following inequalities are true:
(i) for any ∆ ∈ ∆a and any p ≥ 2
Vp(x1, ..., xp) ≥ 0, if {x1, ..., xp} ⊂ ∆. (3.32)
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(ii) for any p ≥ 2, 1 ≤ N < p, and π : {1, ..., n} 7→ {1, ..., N}
vk1,...,kNp (∆1, ...,∆N) ≥ (3.33)
2
∞∑
l=0
∑
mi≥1,i=1,N ;n≥1
m1+···+mN+n=p+l
Cm1k1 · · ·C
mN
kN
(2p)nI
m1,...,mN |n
p+l (∆1, ...,∆N ; ε, (∆)pi),
where k1 + · · ·+ kN = p, C
m
k = k!/m!(k −m)!, if k ≥ m i C
m
k = 0 if m > k.
Remark 3.1. Inequality (3.33) is a consequence of the combinatorial arguments, which is
relevant to control the negative part of interaction potentials. From the physical point of
view it means that for the case when there are at least two particles in some cube (just this
situation takes place in case N < p), then for sufficiently small size of a cube edge their
p-body repulsion energy has to be greater than the attraction energy of these two particles
for all particles of a system and for all l ≥ p-body interactions.
Lemma 3.1. Let the sequence of potentials V = {Vp}p≥2 satisfy A1−A5. Then the
interaction is strong superstable (SSS), i.e. there exist m ≥ 2, a0 > 0 s.t. for any
0 < a ≤ a0 there exist A(a) > 0, B(a) ≥ 0 s.t.
U(γ) ≥ A(a)
∑
∆∈∆a:|γ∆|≥2
|γ∆|
m −B(a)|γ|, for any γ ∈ Γ0. (3.34)
with
A(a) = v22(a)− 2
∑
p≥2
4pI1|p−1p (a; 0), B(a) =
∑
p≥2
I1|p−1p (a; 0), m = 2,
and for any γ ∈ η ∪ Γ
(>)
X′ and γ ∈ Γ
(<)
X ∪ Γ
(dil)
Λ\(X∪X′), X
′ ∩X = ∅,
−βW (γ|γ)−
1
2
βU
V˜ +
(γ) ≤ βI¯|η|, (3.35)
where I¯(a) :=
∑
p≥2 2
pI
1|p−1
p (a, 0) (see (3.29)-(3.30)).
Proof. The main line of the proof is the same as the proof of Lemma 3.2 in the article
[2] and as the proof of Lemma 3.1 in the article [7]. The main difference is in the fact that
for obtaining the inequality (3.35) we use a little bit cumbersome but weaker condition
(3.33) than in [2], [7]. 
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3.3 Partition functions and corellation functions
We introduce an important function, which will be used for the approximation of statistical
systems:
χ∆−(γ) =
{
1, for γ with |γ∆| = 0 ∨ 1,
0, otherwise.
(3.36)
Let us write an expression for the statistical sum, that includes all possible configurations
from ΓΛ and an expression for the statistical sum, that includes only dilute configurations
from ΓdilΛ :
ZΛ(z, β) :=
∫
ΓΛ
e−βU(γ)λzσ(dγ), (3.37)
Z
(−)
Λ (z, β, a) :=
∫
ΓΛ
e−βU(γ)
∏
∆∈∆a∩Λ
χ∆−(γ)λzσ(dγ) :=
∫
ΓΛ
e−βU(γ)λazσ(dγ). (3.38)
Let us define correlation function ρΛ(η; z, β) in the case of grand canonical ensemble:
ρΛ(η; z, β) :=
1
ZΛ(z, β)
∫
ΓΛ
e−βU(η∪γ)λzσ(dγ), η ∈ ΓΛ, (3.39)
and corresponding correlation functions of quasi-continuous approximation ρ
(−)
Λ (η; z, β, a)
are defined as:
ρ
(−)
Λ (η; z, β, a) :=
1
Z
(−)
Λ (z, β, a)
∫
ΓΛ
e−βU(η∪γ)λazσ(η ∪ dγ), (3.40)
where according to (3.38)
λazσ(η ∪ dγ) :=
∏
∆∈∆a∩Λ
χ∆−(η ∪ γ)λzσ(dγ). (3.41)
4 Main results
We prove the results for the infinite volume characteristics, so let (Λl) be a sequence of
bounded Lebesgue measurable regions of Rd:
Λ1 ⊂ Λ2 ⊂ . . . ⊂ Λn ⊂ . . . , ∪
l
Λl = R
d, (4.1)
and the sequence (Λl) tends to R
d in the sense of Fisher (see [12], Ch.2, S. 2.1).
It is well-known that for any configuration η ∈ Γ0 and any sequence (4.1), such that
η ⊂ Λ1 there exists subsequence (Λ
′
k) of (Λl), such that
lim
k→∞
ρΛ′k
(η; z, β) = ρ(η; z, β) <∞ (4.2)
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for all positive z, β uniformly on B(Γ0) . This result follows from the uniform bounds of
the family {ρΛl : Λl ∈ Bc(R
d):
ρΛl(η; z, β) ≤ ξ
|η|e−β U
+
δ (4.3)
with some positive ξ, independent of Λl, η.
The inequality (4.3) without exponent in r.h.s. was obtained for the first time in the
article [13]. In the work [8] a new proof (much easier) was presented with exponent e−β U
+
1/2
and in the articles [2] and [6] it was proved for many-body interactions for finite range and
infinite range cases respectively.
In the next section we give a sketch of proof of the following lemma
Lemma 4.1. Let the interaction potential V satisfy the assumptions (A) for two-body and
A1−A5 for many-body interactions. Then there exist some 0 < a∗ ≤ a0 < r0 and a
positive constant ξ− = ξ−(a∗), which does not depend on Λl, a and η, s.t.
ρ
(−)
Λl
(η; z, β, a) ≤ ξ
|η|
− e
−β U+δ , (4.4)
holds for any a < a∗ such that a∗/a ∈ N.
So, as in the previous case, there exists subsequence (Λ′′m) of the sequence (Λl) such
that one can define
ρ(−)(η; z, β, a) = lim
m→∞
ρ
(−)
Λ′′m
(η; z, β, a) <∞. (4.5)
Remark 4.1. The limit functions ρ(η; z, β) and ρ(−)(η; z, β, a) in (4.2) and (4.5) can be differ-
ent for different subsequences Λ′k and Λ
′′
m. So, in order to make the function ρ
(−)(η; z, β, a)
be approximation of the function ρ(η; z, β) we have to take the subsequence Λ′′m in the limit
(4.5) as some subsequence Λ′k.
Then we can formulate the following result.
Theorem 4.1. Let the interaction potential V satisfy the assumptions (A) for two-body
and A1−A5 for many-body interactions. Then for any ε > 0, any positive z and β and
any configuration η ∈ Γ0 there exists a = a(z, β, ε) > 0 such that:
|ρ(η; z, β)− ρ(−)(η; z, β, a)| < ε, (4.6)
where ρ(η; z, β) and ρ(−)(η; z, β, a) are the limits of ρΛ′′m(η; z, β) and ρ
(−)
Λ′′m
(η; z, β, a) respec-
tively with the same subsequence of the sequence (Λl) (see Remark 4.1).
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Proof. The proof is based on the existence of the limits (4.2), (4.5) and the following
lemma.
Lemma 4.2. Let the interaction potential V satisfy the assumptions (A) for two-body and
A1−A5 for many-body interactions. Then for any sequence Λl of the type (4.1)
lim
a→0
ρ
(−)
Λl
(η; z, β, a) = ρΛl(η; z, β). (4.7)
and hence for any ε > 0 there exists a < a∗, s.t. the following inequality holds:
|ρ
(−)
Λl
(η; z, β, a)− ρΛl(η; z, β)| ≤
ε
3
. (4.8)
From the existence of the limits (4.2) and (4.3) for any ε > 0 ∃K1 ∈ N, s.t. for any
k ≥ K1 the following inequality holds:
|ρΛ′′m(η; z, β)− ρ(η; z, β)| ≤
ε
3
. (4.9)
and ∃K2 ∈ N, s.t. for any k ≥ K2 the following inequality holds:
|ρ
(−)
Λ′′m
(η; z, β, a)− ρ(−)(η; z, β, a)| ≤
ε
3
. (4.10)
Then the statement of the theorem 4.1 follows from (4.8) with Λl ≡ Λ
′′
m and (4.9),
(4.10):
|ρ(η; z, β)− ρ(−)(η; z, β, a)| =
= |ρ(η; z, β)− ρΛ′′m(η; z, β)+
+ ρΛ′′m(η; z, β)− ρ
(−)
Λ′′m
(η; z, β, a)+
+ ρ
(−)
Λ′′m
(η; z, β, a)− ρ(−)(η; z, β, a)| ≤
≤
ε
3
+
ε
3
+
ε
3
= ε
Corollary 4.1. The inequality (4.6) ensures existence of the limit:
lim
a→0
ρ(−)(η; z, β, a) = ρ(η; z, β). (4.11)
for any positive z, anyβ > 0 and η ∈ Γ0.
For two-body interaction this result in the region of sufficiently small values of a pa-
rameter z is obtained in the article [11].
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5 Proof of the Lemmas 4.1 and 4.2
5.1 Proof of the Lemma 4.1
The proof of the lemma 4.1 is based on the expansion of correlation functions into dense
configurations which was proposed in [6] (see, also, [7]) and actually coincides with the
proof of the theorem 2.2 of the article [6] for two-body interaction and with the proof
of the theorem 2.1 of the article [7] for many-body interaction. The main difference in
proving the lemma 4.1 is that in the definition of the correlation functions ρ
(−)
Λ (η; z, β, a)
the integrals are w.r.t. the measure λa (see (3.40), (3.41)), unlike in is in the definition
of the correlation functions ρΛ(η; z, β) where the integrals are w.r.t. the measure λ (see
(3.37)–(3.39)) which takes into account all possible configurations. So, the main goal of
this lemma is to show that the constant ξ− in the inequality (4.4) does not depend on the
parameter a. So, in this section we give only main point in the construction of expansion
and estimate some value which did not appear in the previous proofs.
In order to arrange this expansion let us define also an indicator of a dense configuration
in any cube ∆ ∈ ∆a as χ
∆
+(γ) = 1− χ
∆
−(γ).
Then we use the following partition of the unity for any γ ∈ ΓΛ with a = a∗, i.e. ∆a∗ :
1 =
∏
∆⊂Λ(a∗)
[
χ∆−(γ) + χ
∆
+(γ)
]
=
NΛ(a∗)∑
n=0
∑
{∆1,...,∆n}⊂Λ(a∗)
n∏
i=1
χ∆i+ (γ)
∏
∆⊂Λ(a∗)\∪ni=1∆i
χ∆−(γ) :=
:=
∑
∅⊆X⊆Λ(a∗)
χ˜X+ (γ)χ˜
Λ(a∗)\X
− (γ), (5.1)
where NΛ = |Λ|/a
d
∗ (here the symbol |Λ| means Lebesgue measure of the set Λ(a∗)) is the
number of cubes ∆ in the volume Λ = Λ(a∗)(see subsection 2.4), and
χ˜X± (γ) =
∏
∆⊂X
χ∆±(γ). (5.2)
Inserting (5.1) with a = a∗ into the definition (3.40) of correlation functions ρ
(−)
Λ (η; z, β, a)
with a < a∗ s.t.
a∗
a
∈ N we obtain:
ρ
(−)
Λ (η; z, β, a) =
1
Z
(−)
Λ (z, β, a)
∑
∅⊆X⊆Λ(a∗)
∫
ΓΛ
e−βU(η∪γ) χ˜X+ (γ)χ˜
Λ\X
− (γ)λ
a
zσ(η ∪ dγ). (5.3)
Remark 5.1. We want to stress that the sets X in (5.3) are the unions of cubes ∆ ∈ ∆a∗ ,
but in the product of the definition λazσ(η ∪ dγ) (see (3.41)) ∆ ∈ ∆a with a < a∗ and
a∗/a ∈ N.
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The next steps in the construction of expansion and estimates are completely the same
as in the proof of the theorem 2.2 of the article [6] for two-body interaction and the theorem
2.1 of the article [7] for many-body interaction. It is necessary only to note that to change
the integration w.r.t measure λazσ(η ∪ dγ∆′) for the integration w.r.t. measure λ
a
zσ(dγ∆′)
(see (3.41)) we use the following inequality:
χ∆
′
− (η ∪ γ∆′) ≤ χ
∆′
− (γ∆′),
which follows from the definition (3.36) for any ∆′ ∈ ∆a and any γ ∈ Γ. 
5.2 Proof of the Lemmas 4.2
Let us insert now the unity (5.1) (but with partition Λ into cubes with edges a instead of
a∗ and the argument η ∪ γ in each function χ
∆
± ) in (3.39). Then we obtain the following
expansion:
ρΛ(η; z, β) =
z|η|
ZΛ(z, β)
∑
X⊆Λ
∫
ΓΛ
e−βU(η∪γ) χ˜X+ (η ∪ γ)χ˜
Λ\X
− (η ∪ γ)λzσ(dγ). (5.4)
Extracting the first term atX = ∅ and using the definitions (3.37)-(3.40) we can rewrite
(5.4) in the following form:
ρΛ(η; z, β) =
Z
(−)
Λ (z, β, a)
ZΛ(z, β)
ρ
(−)
Λ (η; z, β, a) +R
Λ(η; z, β, a), (5.5)
where
RΛ(η; z, β, a) =
z|η|
ZΛ(z, β)
∑
∅6=X⊆Λ
∫
ΓΛ
e−βU(η∪γ) χ˜X+ (η ∪ γ)χ˜
Λ\X
− (η ∪ γ)λzσ(dγ). (5.6)
The proof of the lemma 4.2 is based on two technical lemmas.
Lemma 5.1. Let the interaction potential V satisfy the assumptions (A) for two-body and
A1−A5 for many-body interactions. Then for any fixed volume Λ ∈ Bc(R
d) and any
configuration η ∈ Γ0 the following holds:
lim
a→0
RΛ(η; z, β, a) = 0. (5.7)
Proof. See Appendix. 
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Lemma 5.2. Let the interaction potential V satisfy the assumptions (A) for two-body and
A1−A5 for many-body interactions. Then for any fixed volume Λ ∈ Bc(R
d) the following
holds:
lim
a→0
Z
(−)
Λ (z, β, a)
ZΛ(z, β)
= 1. (5.8)
Proof. In the articles [9] and [5] the following estimate was obtained:
lim
a→0
Z
(−)
Λ (z, β, a)
ZΛ(z, β)
≥ 1,
on which the proof of the fact that the pressure of approximated system converges to the
pressure of the real system is based. From the other hand in accordance with the definitions
(3.37), (3.38) it is clear that
Z
(−)
Λ (z, β, a)
ZΛ(z, β)
≤ 1.
As a result we have
lim
a→0
Z
(−)
Λ (z, β, a)
ZΛ(z, β)
= 1.
6 Appendix
Proof of the lemma 5.1
Using (3.18) for two-body potential and (3.27) for many-body interaction, one can
rewrite (5.6) in such a way:
RΛ(η; z, β, a) =
z|η|
ZΛ(z, β)
∑
∅6=X⊆Λ
∫
ΓΛ
e−β(
1
2
U˜+(η∪γX )+U
st(η∪γX ))χ˜X+ (η ∪ γ)×
e−βW (η∪γX ;γΛ\X)−
1
2
βU˜+(η∪γX )e−βU(γΛ\X)χ˜
Λ\X
− (η ∪ γ)λzσ(dγ). (6.1)
Using infinite divisibility property of Lebesgue-Poisson measure, the estimate:
e−βW (η∪γX ;γΛ\X)−
1
2
βU˜+(η∪γX ) ≤ eβυ∗(a)(|η|+|γX |)
and the fact that
χ˜
Λ\X
− (η ∪ γ) ≤ 1,
17
where υ∗(a) = υ0(a) for two-body potential and υ∗(a) = I¯(a) for many-body interaction
(see. (3.35)), we obtain from (6.1):
RΛ(η; z, β, a) ≤
(zeβυ∗(a))|η|
ZΛ(z, β)
∑
∅6=X⊆Λ
∫
ΓX
e−β(
1
2
U˜+(η∪γX )+U
st(η∪γX )+υ∗(a)|γX |)×
× χ˜X+ (η ∪ γ)λzσ(dγX)
∫
ΓΛ\X
e−βU(γΛ\X )λzσ(dγΛ\X). (6.2)
Let us take into account that
ZΛ\X(z, β) =
∫
ΓΛ\X
e−βU(γΛ\X)λzσ(dγΛ\X)
and ZΛ\X(z, β) ≤ ZΛ(z, β).
Then we have from (6.2):
RΛ(η; z, β, a) ≤ (zeβυ∗(a))|η|
∑
∅6=X⊆Λ
∫
ΓX
e−β(
1
2
U˜+(η∪γX )+U
st(η∪γX )+υ∗(a)|γX |)χ˜X+ (η ∪ γ)λzσ(dγX).
(6.3)
Let Λη be a union of cubs which contain points from the configuration η. Then using
Proposition 3.1, lemma 3.1 and inequalities (3.9),(3.34) we have:
RΛ(η; z, β, a) ≤ (zeβ(υ∗(a)+B(a)))|η|(RΛ1 +R
Λ
2 ), (6.4)
where
RΛ1 =
∑
∅6=X⊆(Λ\Λη)
∫
ΓX
e
∑
∆∈X
β(− 12A(a)|γ∆|
2+(B(a)+υ∗(a))|γ∆ |)
χ˜X+ (η ∪ γ)λzσ(dγX),
RΛ2 =
∑
∅6=X⊆Λ,
X∩Λη 6=∅
∫
ΓX
e
∑
∆∈(X
β(− 12A(a)(|γ∆ |+|η∆|)2+(B(a)+υ∗(a))|γ∆ |)
χ˜X+ (η ∪ γ)λzσ(dγX)
with A(a) and B(a) as in (3.15) for two-body potentials and (3.34) for many-body inter-
action. Using again the infinite divisible property of the Lebesgue-Poisson measure and its
definition one can calculate∫
Γ∆
e−β
1
2
A(a) |γ∆|
2+β (B(a)+υ∗(a)) |γ∆| χ∆+(γ∆) λzσ(dγ∆) = (6.5)
=
∞∑
n=2
(ad z)n
n!
e−
1
2
β A(a)n2+β (B(a)+υ∗(a))n ≤ ǫ1(a),
18
where
ǫ1(a) → 0, якщо a → 0. (6.6)
Then after summing w.r.t. X we obtain the following estimate:
RΛ1 ≤ (1 + ǫ1(a))
|Λ\Λη |
ad − 1 ≤ ǫ1(a)
|Λ \ Λη|
ad
(1 + ǫ1(a))
|Λ\Λη |
ad
−1. (6.7)
To estimate RΛ2 let us rewrite it in the form:
RΛ2 =
∑
∅6=X⊆Λ,
X∩Λη 6=∅
RΛ0 (ηX∩Λη ; z, β, a)× (6.8)
×
∫
ΓX\Λη
e
∑
∆⊂(X\Λη)
β(− 12A(a)|γ∆|
2+(B(a)+υ∗(a))|γ∆|)
χ˜
X\Λη
+ (γX\Λη)λzσ(dγX\Λη),
where
RΛ0 =
∫
ΓX∩Λη
e
∑
∆⊂X∩Λη
β(− 12A(a)(|η∆|+|γ∆|)
2+(B(a)+υ∗(a))|γ∆|)
χ˜
X∩Λη
+ (η ∪ γX∩Λη)λzσ(dγX∩Λη) =
=
∏
∆∈X∩Λη
∫
Γ∆
eβ(−
1
2
A(a)(|η∆ |+|γ∆|)
2+(B(a)+υ∗(a))|γ∆ |)χ∆+(η∆ ∪ γ∆)λzσ(dγ∆). (6.9)
Estimating maximum of the exponent we obtain:
RΛ0 (ηX∩Λη ; z, β, a) ≤ e
−β(2A(a)−B(a)−υ∗(a))
∏
∆⊂X∩Λη
∫
Γ∆
λzσ(dγ∆) ≤ e
−β(2A(a)−B(a)−υ∗(a))eza
d|η|
(6.10)
Using (6.8), (6.10) we can estimate RΛ2 from above in the form:
RΛ2 ≤ e
−β(2A(a)−B(a)−υ∗(a))eza
d|η|×∑
∅6=X⊆Λ,
X∩Λη 6=∅
∫
ΓX\Λη
e
∑
∆⊂(X\Λη)
β(− 12A(a)|γ∆|
2+(B(a)+υ∗(a))|γ∆ |)
χ˜
X\Λη
+ (γX\Λη)λzσ(dγX\Λη). (6.11)
Let us take into account that for any B(ΓΛ)-measurable function F (γ) the following holds:∑
∅6=X⊆∆a∩Λ,
X∩Λη 6=∅
∫
ΓX\Λη
F (γX\Λη)λzσ(dγX\Λη) ≤
(2|η| − 1)
∑
X⊆∆a∩Λ\Λη
∫
ΓX
F (γX)λzσ(dγX) (6.12)
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Using this fact and infinite divisibility property of Lebesgue-Poisson measure we obtain
from (6.11):
RΛ2 ≤ e
−β(2A(a)−B(a)−υ∗(a))ea
d|η|(2|η| − 1)×∑
X⊆Λ\Λη
∏
∆⊂X
∫
Γ∆
eβ(−
1
2
A(a)|γ∆|
2+(B(a)+υ∗(a))|γ∆|)×
χ∆+(γ∆)λzσ(dγ∆) ≤ e
−β(2A(a)−B(a)−υ∗(a))eza
d|η|(2|η| − 1) (1 + ǫ1(a))
|Λ\Λη |
ad . (6.13)
It follows from (6.4), (6.7), (6.13) that:
RΛ(η; z, β, a) ≤ (zeβ(B(a)+υ∗(a)))|η| (1 + ǫ1(a))
|Λ\Λη |
ad
−1
(
ǫ1(a)
|Λ \ Λη|
ad
+
(2|η| − 1)(1 + ǫ1(a))e
−β(2A(a)−B(a)−υ∗(a))eza
d|η|
)
→ 0, якщо a→ 0, (6.14)
This is the end of the proof.

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